Mathematics 2016 (Outside Delhi) SETI

Time allowed : 3 hours

SECTION — A
*r+3 -2
lfxehfand‘ ’ A, then find the value
of x. =dx 2x [11
. x+3- -2
Solution : We have, =3
-3xr 2x
= (x+3)x2r—{- 2} x (~3x)=58
= . 2% + Bx — Bx=8
= 2% =8
= =4
Butx#=—2asxe N
= x=2 Ans.

2, Tse elementary column operation Cs — Cs + 20
in the following matrix equation :

B ol ool w

Solution : We have

R

P = A.B(say)
Applying Co — Co + 20y on P, we get
2 5| )

2 4] = Q0

Applying Ca — Ca + 2Cy on B, we gt

1 2]
[_1 -] Catsa? 1 2
[2 0_[4 —J=Q

2 5 3 1)1 2
2 —4) T |2 af-1 4 A
3. Write the number of all possible matrices of
order 2 x 2 with each entr¥ 1, 2 or 3. [1]
Solution : l'otal number of all possible matrices of
order2 = 2 with each entry 1,2 or3are 3%i.c., 81
Ans.
4. Write the position vector of the point which
divides the join of points with position vector

S R -+
3a-2ph and 22+3 b intheratio2:1, [

Now, AC

It

Solution : Let A and B bE the given pumts
with position vectors 3 .:z—2 b and 2a +3 Er

Maximum marks ; 100
respectively.

Let P and Q be the points dividing AB in the ratio
2 :1internally and externally respectively. Then,

W3 a—2B)+2(2a+35)

Posifion vectorof P =
1+2
=¥ —*
T2, 4b
3 3
T'osition vector of Q = 135-25)-222+35)
N . 1-2
=a+8k Ans,

5 Write the number of vectors of unit

length perpendicular to both the vectors
-

A A b AN
a=2i+j+2k and b =j+k. [1]
Solution : We know that the unit vectors
— —
perpendicular to the plane of # and ¥ are
- -
L axb
T 3
|axbj
M .":- M
So, |axb| =20 1 2
o 1 1

(1-2)7—(2-0)j+(2—0)k

1l

Ny N ~
—i-2j+2k

- =
> axb| = PR+ -20 127 =4E=3
Hence, requited vectors
Lo T
= :tg{—!—21'+2k)
and number of vectors are 2. Ans.

. Findthevectorequation ofthe plane withintercepts

3,—4and 2 on %, ¥ and z-axis respectively. [1]
Solution : The equation of the required plane is,

Xl o
atTata 1
= fr-dy+6z = 12
- 14 [t . " " .
In vector form : (xi+y j+zk).(4i-3j+pk)=12
>
Fy r (41-37+6k)=12

Thisis the vectorequation of the plane withintercept
3,—4 and 2 on coordinabe axis. Ans,



SECTION —B

7. Find the covrdinates of the point where the line

through the points A(3, 4, 1) and B(5, 1, 6) crosses
the XZ-plane. Also find the angle which this line

makes with the XZ-plane. [4]
Solutlon : The equation of the line passing
through A and B is,

1—3:_1,"-—-4: 21 - x=-3 =y—4;z—1 i)
5-3 1-4 6-1 2 -3 B

* The coordinates of any point on this line are given
by

=3 y-4 =z-1
2 -3 5
= x=2%+3,¥=-3h+4,z=51+1

So (24 + 3, - 34 + 4, 54 + 1) are the coordinates of
" any pointon the line passing through A and B. If
it lies on XZ-plane then y = 0.

Sy = s don _:-
S0, the coordinates of required point are

[2x4+3 3><4+4 5>-c4+1]1r:, 23)
3 3 L3’
Now, the line in equation (i} is parallel to the
—

vector b=27-3j+5k and the XZ-plane is
=+ A
normal to the vector n = j. Therefore, the angle

8 between them is given by
E;—r
SiNg = [—
[B]|n]

elsesh) |

Jor 92+ 672 R |

ne =
= Sin JEE

il 30
e
= 8 = sin™ {0.4865) Ans.

. The two adjacent sides of a parallelogram are

A A Il fat M L
2i-47-5%k and 27#+2j+3k. Find the two
unit vectors lparallel to its diagonals. Using
the diagonal vectors, find the area of the
parallelogram, (4]
Solution : Let ABCD be & parailelogram such that
— —+ L4 o fa?
AB = n=2i{-4j-5k
— -

2" o Fa
and BC = b=2i+2j+3k

—» - ?
AB+ BC = AC
—¥ -3 fo a3 2t
= AC = a+b=4i-27-2k
- - —
and AB + BD = AD
— - -
= BD = AD - AB
- =+ =3 A
=» BD_EJ E—UJ+6}'+8k

Now, AC = 4;‘-2;‘_2;{ |
|AC| = Y@ + (2P +(2) =28 =28

-+ o) AA
and |BD| = Di+6j+8k

i
IBDI = o7 +(61" +(8)2 - V100 =10

Unit vector along AC

AC

== —{41 2; 2k}
AC| 246
NIr..{?;—j—!c]l
Unit vector along BD
—
o Do ﬁ(e +8k}——{3;+4k}
| BD|
MNow, area of parallelogram
= ~| AC x BD]
2
A Fal e
i j ok
= ACxBD =4 -2 -2
0 & 8§
=47 +32 7 +24k
Area of parallelogram
1| —>

= f4p4 or 24/101 sq. units Ans.

. In a game, a man wins ¥ 5 for getting a number

greater than 4 and loses 1 ptherwise, when a
fair die is thrown. The man decided to throw



a die thrice but to quit as and when he gets a
number greater than 4. Find the expected value
of the amount he wins/loses. [4]
Solution : Let # denote the number of throws
required to get a number greater than 4 and X
denote the amount won /lost.
The man may get a number greater than 4 in the
very first throw of the die er in second throw or
in the third throw.
Let p = Probability of getting a number greater
than 4
=2
b ;
g =slesps %
Thus, wehave the following prabability distribution
tor X.

Number of throws ()| 1| 2

Amount won /lost (X)

Probability (P{X))

e P i P

e | G| L2

5
2 4.2
6|6 6

o | W
b4
x

= Nl

2 4
Ei(X) = Sx— +4><ﬁ :»cﬁ+3:»<6 %
-
9
: ¢ wppanld
Expected amount he could wins is ¥ )
OR
A bag contains 4 balls. Two balls are drawn at
random {without replacement) and are found to
be white. What is the probability that all balls
in the bag are whitc ?
Solution : We know that the number of white balls
can't be less than 2.
Now, there are different cases, for the number of
white balls in the bag. The total cases are *Cy +
3C2 +4C2.

4:-(3 l:—3]>-(4:'-<4)-<i
6 6

6 6 6

Ans.

21 3! 4!
= + +
21x 0! 2Ix1! 2Ix 2!
=1+3+6=10
. Probability of the case that there are 4 white
balls
ie., Kz =6

Hence, the probability that all balls in the bag are
white is

b
_or_p

Ans.
10 5 '

0. Differentiate x*™* + (sin 1™~ with respecttox. [4]

11.

Solution : We have,
207 4 (sin x)°°*
Let u = 2%+ (sin x)*°1

Taking log cn both sides,
log = sin x log x + cos x log (sin %)
= Y= Esjnxlug.t_'_emsxlngfsinxj

On differentiating both sides w.r.t. x, we get

8y _ puinzlogr i(sin xlogx)+ gosxloglinz)
ax dx
i(msxlog(ﬂil'l X
dx
= 9y _ sinz {cmxlngx + Sinx}+ (sin x)05*
dx x

{ . . 1 }
—sinxlog(sinx)+ cosx.——.cosx
S5y
[,.,gsinl'lngxzrqin.‘c andecusxlug (sinz) _ {sin x)cos:t]
o pSins {cos xlogx +E}+(si.n B
X

2
S XL Ans,
x

{—sin xlog(sinx)+ o
31n

OR

If y 2 cos {log x) + 3 sin {log x), prove that

12 y gx+y 0,

Solution : Given, ¥ = 2 cos {Jog x) + 3 sin (log x)
On differentiating both sides w.r.t. x, we get

4y
dx

:}x% = =2sin{log x)+ 3cos {log x)

= —2sin{logx) % + 3cos(log x).%

Again differentiating both sides w r.t x, weget
2
xd_y+ dy _ —Zcos{]ogx]

d
det - dx uasm(logx]
d?'y dy :
o R —2sin(log x)+ 3 cos (log x)
dxz dx
1
24y A
% 2 T
2 d%y  dy -
=X —2+xdx+y=l] Hence Proved.

If x = q sin 2f (1 + cos 21) and y= b cos 2f {1—-cos

4y =T
21), find > at £=7 (4]

Solution : We have, ¥ = asin 21 {1 + cos 2{)
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dx
= a =27c0s 24 (1 + cos 28) - 2a sin? ¢
and y = bcos 2f (1 —cos 24)
d
= ;TJ: = 2b cos 2f sin 2% — 2 sin 2¢ (1 — cos 24)
dy _dy dt
dx 4t dx
_ 2bcos2tsin2 ~2bsin2t (1-cos2t)
2acos 2t(1+cos 28) — 2asin® 2t

__ bleos 2isin 2§ —sin 2i{1 ~ cos 21)]
alcas 261+ coa2t) — sin® 2¢]
Since, we know thatatt = 7,sin2t =1 and cos 2 =0
B0.1-10-0)] b

o, (2« -
: de == T oA(1+0)-1%] 4

The equatiom of tangent at (2, 3) on the curve
y? = @x® + b is y = 4% - 5, Find the value of 2 and
b. 141
Solution : Since the point (2, 3} lies on the curve
Y=o +kb

JAns.

= (37 = a’+b
= 9 =28a+b el
and yz = ax’+b ) 1
On differentiating w.r.t. x,
E‘yﬂ = Jga®
5 dJ- 3
= dy _ 3o
ax 2y
1), -
drjmgy 23
The required equation of the tangent at (2, 3) is
¥—3) = 2(x-2)
=5 ¥=3 = 2ar—44
= i = 2ax+3-4g

Comparing the equation with y = 4x - 5, we get
4 =2aa=2
From equation (i), we get

= 82)+b = b=-7 Ans.
1’2
Find; | ———dx (4
" '|."'+.1.f:l 2 'T
Splution : Let
2
1= [ tpatve [
x4+x (x* ~1)(x? +2)
I.e’r:¢2=y
y A B

then, -G+ = =1 w2y O

¥=A{y+2)+By-1) ..(iH)

Putting ¥ = 1 and y = — 2 successively in (i), we
get

1 2
= —and B=—
A aru 3

3
Substituting the values of A and Bin (i), we obtain
¥y 1 i 2
(¥—1){y+2) Hy—-1) 3Hy+2)
Replacing y by x%, we obtain
x2 1 2
(x —1)(x2+2) 32 -1 32 +2)
1 1
= X o~ —
Ix4+x?' 2 3'[(_::2—1)
2 1
— d.
3‘[(x2+2)
11 x-1 2 i x 1.
s osln —tan”'| == |+C
32851 3 & [\E]J“
1 x
o e Ans
" 5B x+1‘ [I)
.2
Evaluate : J‘m& i4]
siny +cosx
Solution : We have,
/2 s’y
- —_—x
I= -[3 sinx +cosx i)
n?(3-)
sin x
xf2
- I= Jﬁf = 2 dx
! sﬁt|£—x]+c05[£—x)
2 2
g ] i
[Lamg: -[u f(x]dx:ju f{a~x]dx} .
2
s e 08 g (i)

¢ cosx+sinx
Adding equation (i) and {ii), we get
_ rfz sin®x cos? x
sinx+cosx  sinx+cosx

= J‘:l:.ﬁ’E 1 dx

dx

0 sinx+cosx

ol = J‘n:fl 1
T 0 2fnx/2  1-tan®x/2

l+tan?x/2 1+tanx/2

w2 1+tan2x;’2

= 2] =
0 Ztanx/2+1l-tan®x/2

socly /2
Ztanx/2+1-tan“x/2

r:,f_ﬂ




Let tan>=t.
2

Then, sec? —E»%dx:_ dt::»seczgdx =24

Also,x=0=>f=tan0=0and x = g::d:tanE:l

4
1

1
g{f (t 1)
\E+t—1
g\E“t+1 b

Z JZ=1)
- ol F{ )

j2f+1 #

1
2T = 2% lo
= 2’5[

W

OR

Evaluate : I;mi reoswy [dy

3
Snlu{'mn Wehave, Qcx« > =< nx< 3_;

Now, U-::x-*:%

=
0<axe —
2
= cosmx>(
= xcosmx >

T
= jxcosmx| =xcosmx for (]c::r:x-::E
1 3
and — <x< =
2 2
= 'E (TEY‘:-S—T:
2 pl
= cosmx=<0

S xcosnx <0

3n

= |xcosnx]=—xcosnx form<mx <y

3/2
ﬂf [xcosmx|dx

142 3/2
= I{] |xms1:x|dx+§u2 | xcosnx |dx

/2
= I;’le(_xms nxddx +-[1f2 {—xcosnx}dx

112 372
5 (Jc(:os:ﬂ:.r}d:::—fu2 (xcosmx)dx

_ xsinrcxIUZH‘l-lﬂsin:txdx
T ID

0 s
_{ xsinwx

3/2
B 1[1 sinmw I]J |r.'05'.|'c:t‘|1";2
3 g 2

L 3!25inn.rdx
1/2 /2 5
{1[3.
—+ | —gin
Tt 2

1 l[msn J 1
=—+— —cosl |-

™

E—lsini COSTY|
2 2 2 2

2 22\ 2 =
1 coan_coan}
gtk 2 2
= %+;1?(0 1}&{—%—%}%(0_[})
1 1 2
"o 2 n
1 2 1
=Snm o
= m+ix-2
2
. Dm-2 Amns.
2n?
15. Find : [(3x +1W4- 32227 dx £4]

d
Solution : Let 3x + 1= REM—B::—Z::Z)HL

Then, 3x+1 = A(-3-4d¥) + )

= Ix+1l = —dx+{(=3h+p)
Comparing the coefficients of like powers of z, we

get

~dh = Jand-3h+p=1
-3 -
= L= 3 and p= 7
Let [ = [(Bx+I4-3x—2r%dx

» IJ__( 3 4x)u—}\[4 3x—2x2dx

= —Ej[—S—ix 4--3x-2¢2dx

—Ej 4—9x—2x% dx

= --J’Ja’t——jJ—z —x+——%—2)d
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where, f =4 = 3r = 212
= dt =(-3—4x) dx

3(32) sl [ aP (da}
i'z[m‘]*“l‘T \“Z] Ik

= —%(4—3::—2::2}3!'2 +e

S )

3
2 =
5 1(~4l] . x+4
———x—| — | sin
22 2l 4 Ja1/4
+ 2
1 2.3/2 D
= ——=(4-3xr-2x -—
2( ) 42
[ 3] f4~3x—2;r.2
X+~ |y f———————
4 2
wixﬂsm_-l[—qx-ka]_kc
4.2 15 NIT)

where (c =1 + c2)

¢ s
= —%(4—31:—2::2)3"‘2_% x+~g—] 4-3x-2x7
N

i x4l sin_1[4x+aj+f
402 %16 V41

—%(4—3x—2x2]3m-§(4r+3]v4—_3x—hz

4

I

+ 5xdlV2 . _1[4x+3]
51N 4+
8x16 Ja1
352
—%(4—3::—2::2] —-53{[4“3]\!44::—2::2

8 4

A2 _1[4x+3)
T sin Jal +c| Ans.

Solve the differential equation :

dy dy
— = r—y—
dx > [4]

|

p+x

= x—y+y—g = x-y

= e (i)
dx x+y

Which is a homngeneous differential equation.

FPutting y=Vx = %=V+Iﬂ in (i}, we get

dx
V+x£= A VA
dr  x4+Vx
av 1=V
= V+xa——1+v
LAV 1-V
= dx 11V
5 L _1-vovov?
dx 1+V
. LAY 1-2v-vE
de 1+V
1+V dx
o el BT
e 1-2v-v? il
—dx
Y g i)
Vo+2V-1 X
Putting i=vi+2Vv-1
= di=@V+2)dv
N %d; = (V+1)dV
Now, equation (ii} becomes
LT
2f x
On integrating above equation
weget,
1,1 dx
Sl-dim—[=
2'[£ J x
= %lugh‘.[: -log|x|+1ug C
1
== log |V2+2V-1|"%=log 5‘
2 x
2
&
= Vipav-1= [—-J
X
2 : 2
- @S ey
X X x x
7 2
A S
= P
- WP+ 2ay — 2= C2 Ans.

. Form the differential equation of the family of

circles in the second quadrant and touching the -
coordinate axes. 141
Solution : The equation of circles in the second
quadrant which touch the coerdinate axes is

(I+ﬂ]2+(y—ﬂ}2:ﬂ2.ﬂER B 6 1)
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L

where 2 is a parameter. This equation contains
one arbitrary constant. 5o we shall differentiate it
once only and we shall get a differential equation
of first order.

Differentiating (i) w.r.t. x, we get

dy
2x+a)+ 2y a)dx =0
— I+ﬂ+(y—ﬁ)=d—y =1
dx dyl
x+y-d;
= g =~ 1—E |
T )
x +Py _d_y
= a= Pl ,whﬂ'ePudx

Substituting the value of g in (i), we get
2 A2 2
(2

P-1 P-1
= (aFP-x+ x+yP)2+ (yP—y-xﬁyPF: (x +_1_‘,'P‘)2

=~

= (x+ y)?P? 4+ (x + ) = (x + yP)?
LS |{:::+3,.{]|2|;I’2+1]}=|:Jc+y1’)2

dy E dy 2
= (x+ ) “d—ﬂ +1] [Hydi]

This is the required differential equation
representing the given family of cixcles.  Ans.

Solve the equation for ¥ ;sin™ x +sin~1 (1-%) =
cos 1 x, £Y)

Solution : We have, sin™ x+ sin™ (1 -3} = cos ™ x

—sin™! (xm+{1—x)\|'1—x2 y=cos x

= s (xyl- (1+z ~28) +(1-3)WI1—x2 )= cos !

‘i EE
[
Let coslx =
= xXo= u:osﬂ
and sin8 = 1. x*
= sin {(W1-x2) = cos™Mx

A
D
|

19,

—5in~] (xw.fo%xz + [1—.:)\"1—:{2 ) =sin—1(1.l']—x2)
a2x—x? 4 1 ~:r]1.l'1—x1

ot = y1-x*

= xwf‘2x+x2 = w'rl—xz.(‘.l—1+:c]
= J[JZI—:Z —\fl—:rz} =0 |
= x=00r Jop_ 32 = V122

x=0or 2x-x*=1-2"

1
x=0orx=r7 Ans,

2
aOR

L ¥

Lf cos *—+cos =@, ptove that:
T

2
x
——2—3’ cos0+ -
& v

ab
Solution : We have, cos ! 2 +cos ! %= [+
7]

i 2 2
et ’ _* il_!"_ -
o5 [ab+ 1 3 bz]

1¥
b
2
¥ sinzc:

=
2
— —+ 1—— 1——~c05u
Xy
=5 1~— 1———-cosa——
«! -

On squaring both s1des, we get

e

oy XY 2 Yy 2xy
- 1y =CO5" o+ 5 T CDECQ
P R R 1% ath®  ab
2
= I_L__yi=1_gm2a—2—xycosu
aZ B ab
2
= 2xy y 2
;-f——ag—cuau+b—2u5m . Hence Proved.

A trust invested some money in two types of
bond. The first bond pays 10% interest and
second bond pays 12% interest. The trust
received ¥ 2,800 as interest. Howewer, if trust had
interchanged money in bonds, they would have
got T 100 less as interest. Using matrix method,
find the amount invested by the trast. Interest
received on this amount will be given to Helpage
India as donation. Which value is reflected in
this questfion ? [4]

Solution : Let the amount invested hy the trust in
first and second bond bhe x and y respectively.

10x=xx1_ 10x

Ini t from firstbond = 2 aade!
terest from first bon 100 00




Interest from second bond = Iowyxl 124
100 100
Interest received by trust =¥ 2,800

According to the question,

10x 12y

=Xy 2 < 2800

100 100 A
=5 10x+ 12y = 2,80,000 ]
and X 108 50

100 100
= 12¢ + 10y = 2,70,000 ..(ii)

This system of equations can be written in matrix
form as follows :

10 12 x] _ [2.80,000
12 10fy| | 270,000

or AX = B,
10 12 x 2,80,000
where A — Wi dBe 50
A [12 10]’ m - [z,m,ﬂm}
Now, [A] =0 7 =100—144 =— a4
oW L By, o SIS0

So, A~ exists and the sohution of the given system
of equations is given by
X =A'B
Let ¢;; be the cofactor of 4 in A = [2;]. Then,
c11 = 10, c16 =— 12, ¢2 = — 12, &2 = 10

T
cagac| 10 2] [0 12
12 10| |-12 1§

1 ; 1| 10 -12
o =
So, A =] Altadlﬁs:- 44[_12 m}

Hence, the solution is given by

1[ 10 —12_[2,80,[][][]}

X=AlB=_—
412 10 | 2,70,000

x] 1| 28,00,000 - 32,40,000
y|  44|-33,60,000 +27,00,000 |

ﬂ _ 1 [-4,40,000]_[10,000
Y 44| —6,60,000 | | 15,000
= x=10,000 and y = 15,000

= A =x+y=10,000+ 15,000 =¥ 25,000

Hence, the amount invested by the trust is
¥ 25,000,

Value : Giving help to those in need is a
humanitarian act. Ans.

SECTION — C

. There are two types of fertilisers ‘A" and ‘B". A’

consists of 12% nitrogen and 5% phesphoric
acid whereas ‘B’ consists of 4% nikrogen and
5% phosphoric acid. After testing the soil
conditions, farmer finds that he needs at least
12 kg of nitrogen and 12 kg of phosphoric acid
for his crops. If ‘A" costs ¥ 10 per kg and ‘B’ cost
¥ 8 per kg, then graphically determine how much
of each type of fertiliser should be used so that
nutrient requirements are met at a minimnm
cost, [6]
Solution : Let the quantity of fertiliser A and B be
x and y respectively.

To minimyize : Z = T (10x + 8y)

Subject to the vonutraints :
12
—xt+—y =12
100" " 100°
or 12 + 4y = 1200
5x by
5| —— ¥ > 12
am 100 100
or hx + 5y 2 1200
and zx=0y20
ic., 3x+y = 300,
x+y 2240,
xz0y20

Comer Points Z=10x+8y

A (0,300) Z=10%0+58x300= T 2400

B {30,210) Z=10x30+8x210= T 1980
C (240,0) 7=10x240+Ax0= 2400 |

The region of 10x + 8y < 1980 has no peint in
common to the feasible region.
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Sp, Z is minimum for x = 30 and y = 210 and the
minimum value of Z is ¥ 1980.

Hence, the quantity of fertilizer A is 30 kg and of
fertilizer B is 210 kg, Ans,
Five bad oranges are accidently mixed with
20 good ones. If four oranges are drawn one
by one successively with replacement, then
find the probability distribution of number of
bad oranges drawn. Hence find the mean and
variance of the distribution. [s]

Solution : Let X denotes the number of bad
oranges in a draw of 4 oranges from a group of
20 good oranges and 5 bad oranges. Since there
are 5 bad oranges in the group, therefore X can
take values, 0, 1, 2, 3, 4.

Now, P(X = 0) = Probability of getting no bad
arange.
P{X = 0} = Probability of getting 4 good oranges

4
= [.2—{]] '4CD
25

P(X = 1} = Probability of gel:l:mg ane bad orange

= iX[zoJ i Cl
25 25

P(X = 2) = Probability of geiting two bad oranges

- (5] (5] e

F(X =3) =Probability of getting three bad oranges

3
= [i) ® @.QCL@
25 25
F(X =4} = Probability of geiting four bad oranges
: 4
51 4
= |=—]| . C
[25] :
Computation of Mean and Variance
X | pi=pX=%) Pi%i pix?
0 = 0

625

L] o= 256 256

625 625 625

) | 2 192 381

625 625 625

5| 18 48 144

625 625 625

il =i 4 16

625 625 625

500 800
2% = s | P " s
500 4 BoC 32
=20 _Z and Epd =~
We have, Zpur; = o and Zp; 625 55

= 4
- )(:Mean:Ep;xf:g

32 16 16
d  Var{X)= Zpaf - (Tpx)t ===
an ar{X) pix; = (2pp%;) 25 25 25
16
Hence, mean = 5 and variance = 5 — Ana,

. Find the position vector of the foot of

perpendicular and the perpendicular distance
from the point P with position vector 2 ?-1 : 3}—5- 4?:

—r A A fas
to the plane r.(2i+ j+34)-26=0. Also find
image of P in the plane. [6]
Solution : Let L be the foot of the perpendicular

A M LAl
-drawn from P{2i+3j+4k) on the plane

- A A Fas

¥ .(25+}'+3k)—26 =0

We know that the position vector of the foot of
perpendicular from the point P with position

- - =
vector g from the plane r.n =d is givenby
P24+ 30

2+ HEk) -26=0

_ [26-(25+3F+4by2i+ +30]@2 I+ j+3k)]
(A+1+9)
[26 (4+3+12)]{2 i+ }-{-Sk}

(2;+J+3k)

So, required distance
_|(21+37+aR)2i+j+3k)- 26|
J12

__7

T
Let O be the J.mage of the point P(23+3J+4k}
to the plane * -(2:+;+3k)—26=0. Then P is
normal to the plane.
Therefore, equation of line PQ is

T @143 4R)+ A2 T+ 43K
Since (O Hes on line PO 5o, let the position vector



of Qbe (2i+3j+4K) + M2+ j+3Kk)
C(2+2R) T HB A+ (44 BRI
Since, R is the mid-point of PG Therefore, position

vector of R is
[2+20)7+(3+1) j+(4+ K1 +(27+3 1+ 4K)
2

= QNGRS [ HE 430/ DR
—¥ HOA N
. Since R lies on the plane 7 .[2i+ j+3%k]-26=0
{(2+1)?+{3+1;2}'}+(4+31;2;i]..

A A A
i+ j+3k)-26=0

= 4+21+3+%+12+%~25=0
7
= l = ?—1

‘Lhus, the position vector of () is
A A M

Li+4j+7k Ana,
23. Show that the binary operation * on A =
R-{-1ldefinedasa*“b=a+b+abforalla b
€ A is commutative and associztive on A. Algo
find the identity element of * in A-and prove that
every element of A is invertible.*® [6]
24. Prove that the least perimeter of an isosceles
triangle in which a circle of radius r can be
inscribed is 6+/3r. (6]
Solution : Let ABC be an isosceles triangle with
AB = AC and a circle with centre O and radius #,
touching sides AB, BC,CA atD, F, E respectively.

In AABC
Let AD= AE = %, BD = BF = y and CF=CE =
(% Tangents drawn from an external point

are equal)
Now, ar (AABC) = ar (AAOB) + ar {(AADC) + ar
(ABOC)
= ‘—1- x 2y (r+x.:’r2 +x2) = -% {21(?+(I +i)r

+Hx+yir)

r*Answer is not given due to the change in present syllabus

10

PN 1
= !f(r+v'r2+ 2) =3 {25’?'4‘2(3-""1"}7}

T2y w '
= ¥|r+dre+x rly+x+y)

= yr+y(\y2+x2) = 2yr +71x

= (u‘r2+xz)y=rx+yr

Squaring both sides, we get
PR+ = PRy P+ 2y

=  Priyd =2+ yr+2%xy

= X = rPx+2r%y
Zrzy
= x =
o
Now, P (Perimeter of AABC) = 2x + 4y
= F= 4723"’ + 4y
yz_rz

Differentiate above equation w.r.t. y, we get
AP 4% -rt)-4r%y(2y)

= 4
dy {yz_ri)z
41'2[_!_/2 —rt —Zyzil
=5 7 ] +4
(v -7*)
AP 40t ey
= w - G-
For maxima and minima of T, put
ar _
= dy = ()
= o M P )
(¥ -r*y
> AP = -
= A+ Py = A -2
= W =yt
= =32
= Yy = V37

2
Now, again differentiate w.r. to y, we get %
L

- —4?2{2y}{y2— P2y + 42t +y2;i.”.(y2 —rz)ny
42—




_ A - 2y - )+ 4y + R
(" -7
_ -1r2y(y2——r2)+ y[—2y2 +2¢2 4+ 4r? +4y2]
- 72 o)
4P 4r2y[2y2 +6r2]
T w wrP

2
a*r @zﬂ

afly=\3r *

Hence, perimeter P of AABC is least fur y=Af371

- and least perimeter is P = 4y+ frzyz .
.I,'." =i
s 4_“]’5 o 4?'2'\1{51'
2%

6+/3r Hence Proved.
OR
If the sum of lengths of hypotenuse and a side

of a right angled triangle is given, show that area
of triangle is maximum, when the angle between

H . m
them is 3"

Solution:Let ABCbearightangled trianglewithbase
BC =x, AB =y such thatx + y =k (constant).
Let 0 be the angle between base and hypotenuse.
Let A be the area of the tringle. Then,

A

A= %xBCxAC

= %xdyz—xz
= Al = -"i{yz—xﬁ (vy=k-2)
= B S it
2.2 2
= S % ()

Differentiating w.r.t. x, we get

. Prove that the curves y*

2
ZAd—A " 2K%x -6k
dx 4
JA  12x -3kt
dx 4A

For maximum or minimum, we have

dA o _Kx-dkd ok
ar T TTaa T3
Again differentiating (ii) w.r.t. x, we get
2 2 2
g(d_A\l +2A£_‘;'.‘_ = 2 —12kx ..{iti)
dx 4

Putting %;Oandx: %Ln(ijj),weget

d2A K2
A 4A
Thus, A is maxiooum when = —
Now, and x:—andy:k—x=k_hk_=.2?k
g™ k/3 1
cogfl= —= 7573

= 4r and x* = 4y divide
the area of square bpunded by x=0,x=4,y=14

and 1f = 0 into three equal parts. [6]
Solution: Let Aq, Ay and Aa denete areas OSPOO,
(OSPTO and OTPRO respectively.
Toprove: Ay = As = A,
2
i 4x
I\OW, Al = Ojdx
_ 12
= — ﬂxd:c
113 1 64 16 A
= == —x— =— §(, Units
4 3 4 3 3
¥a
P44
=4
R a
= 4
s-gg\ 08 T £y
t=4.
x' €

wy

11
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Az = (Arca bounded by * = 42) - (Arca bounded = Expanding along Ry

by 1% =4y)
af . %2
As = Jﬂ [\ﬁlx—Tde
= j[zf”m)dx
i
_ 4 372 x
- 3
= (E 8—%}—-1{1 5q units
3 12 3
2
and = j‘i!,"_
D4 -
1{3«_ L 836 o i,
4 3 4 3 3
Hence, A; = Ag = Aj, Hence Proved

26, Using properties of determinants, show that

AABC is isnsceles if ; [a]
1 1 1
1+cosA 1+cosB

cnst A+cosA cos’BioosB  cost C+cosC

Solution We have,
1 1 1
l+cosA 1+cosB l+cosC (=0

cos  A+cosA  costBicosB  cas? CteasC

ﬁppl}ﬂl‘lg G2 Cp—Chand Gy Cs
1 1 U

1+cosA cosB—cosA

cos” A +cosA (cosB—-cosA¥1+cosA +cosB)

0
cosC—cos A =0
{cosC—cos ANl +cos A+ cosC)i
Taking (cos B — cos A) and (cos C — cos A) as
common from C; and Cs respectively.
=» (cos B —cos A) (tos C—cos A)

1 0 [
1+cosA 1 ' 1 =0

08~ A+cosA 1+cogA+cosB 14+ cosA +cosC

{cos B - cos A} (cos C—cos A)
[l+mmasA+cosC—-1~c0s A—cos B] =0
= [cos B~ cos A) (cos C — cos A) [cos C—cos Bl =
EithercosB=cos Aorces C=cos Aorcos C=
cos B
i.e., either BC = AC or BC = AB or AC = AB
Hence, A ABC is isosceles. Hence Proved.

OR

A shopkeeper has3 varietiesof pens A", B and "C",
Meenu purchased 1 penof each variety for a total of
T 21. Jeevan purchased 4 pens of ‘A’ variety, 3
pens of ‘B’ variety and 2 pens of “C’ variety for
T 60. While Shikha purchased 6 pens of ‘A’
variety, 2 pens of ‘B variety and 3 pens of 'C”
variety for ¥ 70. Using matrix method, find cost
of each variety of pen.

Solution : Let the cost of each variety of pen be

- ¥x, Ty and T z zespectively. Then,

T+y+z = 21
dr +3y+2z = 60
and éxr+2y+3z = 70
This systermn of equations can be wrillen in maLnx
formn as follows :

11 17x] [
4 3 2
6 2 3]z] |70

413 . AX =
1 1 1 [x . J21
where A=|4 3 2|,X=|y|and B=|6C
6 2 3 E 70
1 11
Now, JA| = #4 3 2
6 2 3
= 109-4-1(12-12) +1(8-18)
= —5=0
So, A7 exists and the solution of the given system
of equation is given by
X =a'B

Let ¢y be the cnfactor of gy in A = [aj]. Then,
el1=5m=0rg=-10,cm=-1,cp=-3, cca =4,
C;gl:—l,ﬂgz‘——z,f.'gg:—]

"5 ¢ -10" [ 5 -1 -
~adjA=|-1 -3 4| = 0 -3 2
-1 2 -1] |- 4 4
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1

Clearly, maximum value of A is 5 Ans,

2. If Ais a square matrixsuch that A% =1, then find
the simplified value of (A-D? + (A +D¥-7A

[1]
Solubon : Given,

{(A-TP+(A+TP-_74
= AP 3AN +3AR + A% + P+ 3A%

3 w 2 SR T ; 105-60-70
S0, Al = m{adj ﬁ]=—§ 0 3 2 = —=| 0-180+140
R (I S | | 210 +240-70
Hence, the solution is given by 257 5
5 -1 -1][21 ..
. 1 =—-|-40:~|8
X=A"B = % 0 3 2|60 401 |8
10 4 1|70 -
Henwce, the cost of each variety of pen are %5, T 8
and ¥ 8 respectively. Ans.
L 1
All guestions arc same in Outside Delhi Set 1T
and Set I '
¥ -
‘Mathematics 2016 (Delhi) SET I
Time allowed : 3 hours Maximum marks : 100
SECTION — A +3AT7-74
_ Al s
1 1 1 =2A% +6AI-7A
1. Findthe maximum valueofl 1+simg . 1 = 2A. A%+ 6AIZ-T7A
' 1 1 1-+cosf =2A1+ 6AT-7A
[1] = 8A-7A
L ! 1 A Ans
Soution:Tet A=l 145inb 1 - {
1 1 1+ cos B . 0 2 -2
On applying R, — Ry —Rp and R; - R - Ry, we 3. Matrix A=|3 1 3|is given to be
get 32 3 -1
0. -sinB ] symmetric, find values of a and b. 11
A=|0 sin® —cos® 0 2 -2
1 1 T+cosd Solution:Wehave, A=/ 3 1 3
On expanding along R;, we get 3 3 -1
A=0+sn0{0+cosB)+0 1t is gi % o =
— cin cos B is given that the matrix is symmetric
Lsin2e ' A A
i 0 260 -2] [0 3 3
Nowas-lisinZGSlfora]lGER =| 3 1 3l = |28 1 3
3¢ 3 -1 2 3 -1

Now, by equality of matrices, we get

2b =3

=5 b=.3
2

and 38 = -2
-2

= 8 =

13
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Thersfore, g = T and b = % Ans,

Find the position vector of a point which divides
- =
the join of peints with position vectors a—2 b

-
and 2a+ b externally in the ratio 2 : 1. [1]
Solution : Let A and B be the given points with

= = -
position vectors @ —2 b and 2 2 + b respectively.

Let P be the point dividing AB in the ratio 2 : 1

externally.
- = -+ =
Alg—2Db) F B(2z+h)
- = N
# Position vectorof o 2581 b;—ix(a~2b}
- =
=3a+4b Ans,

AoM FA S M
The two vectors j+ k and 3i- j+4k represent
the two sides AB and AC, respectively of a AABC.
Find the length of the median through A.  [1]

Solution : Tn AABC,

A
y
Using the triangle law of vector addition, we have
— - -
BC=AC -AB
A fa) AA
= (B3i-j+4k)—-(j+k)
fat F al
=3i-2j+3k
Ly 1> An qA
=—BC==i-j+=k
BD 5 ey 2
(since AD is the median)

In AABL, using the triangle law of vector additon,
we have
— - —

AD= AB+B
R A A
= B+ Zi—-i+=k
(j+ )+[21 ;+2 J
Fa M ¥l

= Ez'+'0j+—k
2

; 2 _
o J‘@f (3 L

Hence, the length of the median through A is

%Jﬁum Kk

Find the vector equation of a plane which is at a
distance of 5 units from the origin and its normal

E.S e "~
vector is 2/-3j+ 6k, [1]

—F ” Fun )
Solution:Here,d =5 unitsand n =2{-3j+6k

—3 at M S .9 - Fan
A_n 2i-3j+6k 2i-3j+6k
" ) ATe36 Jag
n 2% 30 an
= mo= —i-—j+=k
7 7.7
Hence, the required equation of the Flaneis
— L PO -3 A
r.gi—éﬁgk =5 [e¥.=d)
Fogs 7
— Fa M F R
or ¢ .(2i-3j+6k)= 35 Ans,
SECTION —B
Prove that :
ittt Y DL 8 [4]
5 7 3 g8 4
Solution LHES =
[tan_l l+ tan~! lj + [tan_1 l +tan”! l]
5 7 3 B
1 1 1 1
L 577 4| 378
B ]__.1:.(._]' i ]_._1:.(1
5 7 3 8
_'.'mn_lh+tan_]B=tan‘l[A+BJ]
% 1-AB
.1 B a1
=tan "—+17 =
7 s
a6 11
_+_
e I A
6 11
1-—=-—
17 23
_m—l(g]
325
=tan™! (1)
we
4 Hence Proved.,
OR

Solveforx:
2 tan? {cos ¥} = tan™ (2 cosec x)

Solution : Given, 2 tan™* (cos x} = tari ! (Zcosec x)

2casx

2

— hm“l[
1—cos“x

] =tan" (2 cosec x}



8.

[ 2tan™ x= tan~1{ 2% ﬂ

‘\1—3:2
2cosx
= 7 =2co8ecx =—;
sin“ x 8inx
= cosx=sinzx
= tanx=1
T
= r=— Ans.
4

The monthly incomes of Aryan and Babban are
in the ratic 3 : 4 and their monthly expenditures
are in the ratio 5: 7. If cach saves ¥ 15,000 per
month, find their monthly incomes using matrix
method. This problem reflects which value ?
4]

Solution : Let the monthly incomes of Aryan and
Babban be 3x and 4x respectively.

Suppose their monthly expenditures are 5y and

7y respectively.

Since each saves ¥ 15,000 per month.

Monthly saving of Aryan: 3x -5y = 15,000
Meonthly saving of Babban : 4x — 7y = 15,000

The above system of equations can be written in
the matrix form as follows :

3 —5]|[x]_[15000
4 =7||y| |15000

(3 -5 x
AX=B,where A= 4 _7}X=[ }mﬂ

¥ o _[15000
| 15000

7
o [ 4T [7 5
W= 5 31 T4 3

i -7 5| [7 -5
Sa, Al= ——adjA--1 =

—21-(-20)=—1 £0

3
Now,|A|=]4

T A 4 3] |4 -3
x=AlB
ES 7 —5[15000'
= y| ~ 4 -3][15000]
ER '1050(}0#50(}0}
= y| ~ L 6000045000
B '30000}
= y| = L1500
= x = 30,000 and y = 15,000

Therefore,
Monthiy income of Aryan =3 x 30,000 = ¥ 90,000

Monthly income of Babban = 4 » 30,000 =
¥ 1,20,000

Value : Saving in good time helps us fo survive
in bad times. Ans.
Ifx =g sin 2t (1 + cos 21} and y = b cos 2t {1—cos 21),

d'y T T
ﬁndthevalt_lesofa atit-4 andt-? [4]

Solution : We have, x = 7 5in 2¢ (1 + cos 24)

dx
= = = 2gcos 2t (1 + cos 24) - 2a sin” 2t

at
and, i = beoas2t (1 -cos 2t}
= W _ opcos2tsin2t—2bein 2t
@ (1 - cot 28)
dy _ dy dt
dr dt  dx

_ 2bcos2tsin 2t —2bsin 241 —cos2t)
B 2acos 21+ cos 2t} ~2asin? 2¢
Hcos 2t sin 2t —sin 21(1 - cos 2t]]
a[cos 2¢(1+ cos 2t)—sin > 24|

Since we know that att:g, sin2t=1 and cos
2t=0,

il
=S [EL:.'
4

Also, we know thatat t=—,
1 3
2t=_=

o B
S

BI0.1-10-0)] _b
aocl+m—1%] =2

3
sin2t= T and cos

_ B3] _
Y ‘E(

OR

' 2 2
If y = x* prove that sz—y—i[jx—y] ~%=U.

Solution : Given, y =x*

Taking log on both sides, we get
logy = log (x%)

15



= log y - xlogx

On differentiating w.r.t.x, we get
Ty = logx+x:-:1=1+logx
¥ x

= =x*{1l +logx)

dx
- W _ y+logn
dx :

Again differentiating w.r.t. x, we get

d’ dy d
= -tﬁ—g = (1 + log x) ﬁ+ya(1+logx)
dzy 1
Cashs 1 : =
= P (1 + log ¥).2"(1+ logx)+fxx
dy . ? . xl
—L 2l +logx) +x*
= dxg g x) ’ :
- d’_hl[‘iy] LY
a yd) x
d dy N2
ﬁ—%[ﬁ) —%='D Hence Proved.
. Find the values of p and g for which
[ 1-gind x n
[ " ifx‘:_
3cos® x 2
ﬂ1'= 4 B _. ifx:-:—
o R
{n-2x) 2 m
is continuous atx = n/2.
.3
bt 5 Slr; % . i.fx-(E
3cos x 2
Solution: Given, f(x)=: P : if_-.::%
.ﬂ(il:sm,f} s ifx::-E
(x—2x) 2

fix) is continuous at x = g, then LHL =RHL =f(g)
ie Nim fl= lm fx)= f[Ej
g xt 2

—’T X 5 ;
lim f(x) = lim h_suﬂlz_x
. n B 2cos“x

2

lim (1~sin x)(1+ sin? x+ sin x)

« 2
"3 3[1-sin“ x]

- {(1-sinx){(1+sin® x +sinx)
z 3(+sinx)(1-sinx)

11.

16

1-sinx+siny 1+1+1 1

lim = lm = L
n fx) ® 3(1+sinT) Q) 2
x—)"? I_>2'
Letxas X v basxr T gy
2 2
[l—sm[EuB]]
im fz) =limg = 4 Jigp, 12050
o 80 20y 4650 ©°
7)
. 20 .2
2sin” — s
T sm?_:q smZzi
doso 92 2050 [QT 8
x b
2

I—:’F x*T
1,1
® 2 P78
= = andg=4 Ans,
Show that the equation of normal at any point

on the curve x = 3 cos ¢ - cas® fand y = 3 sin
t — sin® is 4{_:;1:053 F—xsin’ £)=3sin4t. — gin® ¢

is (4]
Solution : Given,
x =3cos l—cos® £
= ; i—y ==3sint+3cos?t sint
t
and ¥ =3sint-sin®t
— %’ = 3cos F-3sin° fcos £
Slope of the tangent,
dy
dy _Iif___Scosf—Ssinzfcost_
dr 4%  _3gint+3cos? isinf
dt
. 3arst[c052t]
~3sin#sin® ]
3
. d_y _ —cos’t
dr  sin’t
—d ind
.. Slope of the nermal = d_:c}!.:%

The equation of the normal is given by
y—(3sint—sin®#) _sin®¢

x — (3cost —cos® #) " cos?t
= ycos®t-3sintcos’t +sin® t cos® t
=xsin®t—3 cosisin’f +sin” t cos® ¢



= ycost-xsin® =23 (sin{ cos® t —cos ¢ sin® 1)

1T Zx
- St —xsin®t=3sintcos f (cos® t—sin? ¢ [= sin[E+xJ.e— = ms[E+x}e—-dx
yeosTEmram ;'rzl‘m(c ) L b
x
= yeost—xsin®t= —— sintcosfcos2f 3
2 = [= gj_-n_ﬂ.-i_ Exl_..l
22 ym3t-xsin3t=%sm2tms2f b2 2
3%2 r et 1gm _ f=x ezx.d
= ycos’t-xsin’t= Sug Sin2fcos2t 205 -4-+x)|,—2— ; +Efoﬂsm AT
= yoost—xsint= %sinélt - I=% m%“_eh u%sin:-%
=4(ycos’t-xsin®t) =3sin4t Hence Proved.
. [cns—ez" E} gl sm[ +x] 2 dx
FindI [351118—.2)0038 4] 4| 77zl n
5—cos®0—4sin®
1 1 1,1 11 2 1
(3sin0-2)cosH = 1= _[_ ]p:z“——x ﬁ_[ __]__
o _ e 202 2 J7 4
Solution : Let 1= Is T _T F T
[+[ L e A + . e + :
: S e o
o oottt g 17220 2R ahR T4k
4+1-cos®G—~4sind " 2 "
L 207240741 e "-1
_ _ I{Smnﬂ—Z)cosB.dﬂ 4 4.2 a2
4+sin’ 0—4sing o
S|
v 1-cos?@=sin?6] = 8=- L2
I COS sin” 0] [ ﬁ J
J-(Ssh'lﬂ—l}cosﬂ.dﬂ
= ~ (sne-2)? (s Ans.
Put sin @ =f . 5
— cos 9, db =dt I 1l
3t-2) 13, Find | ——dx.
= =l .
e _ u3 x .
Consider, x
L Solution:Let I = |—5——'dx
32 A B j’—aa—ﬂ
(-22 (t-2) (-2 _
Put 22 = ¢
3t-2 =A(t-2)+B 5
On comparing, we get = E‘E"fx = dt
= = : 2
A_sam;B_: - Ty = L
I=)i =5+ dt Putting the values in [, we get
b (t-Z}z utting valuesin |, we ge
' 4 2 1
= 1=3log|t—2]— + I= 5[ —— .t
Ogl i (t'—Z] ‘ SJ‘ ||{E3f2)2_f2
4
= =31 in@—2|-———+c
Ans. 5 232
OR 2. 4 372
== - +c Ans,
Evaluate J;ezx.siﬁ[g+x]dx or ke SSm [aJ
2
Solution: Let I = [T¢** sin(E+.rJd.r 14. Evaluate : [ || ~xdx. L4]
: & 8| :

2
Solution:Let 1= [ |x*-x|d.

17



f(x] 1-3 x=x(x-1)(x+1)
The signs of f{x) for the different values are shawn
in the figure given below :
- + - +

| | »
= I I

-® -1 ¢ 1 a
fix) » Oforallx e (-1,0)w(1,2)
fix) < Diforallx {0, 1}

Therefore,
g 2ox,  xe(-1,0u(1,2)
~(x* -2, re(0,1)
.-.I=J'_zlix3—x|dx

=[]0 —x|dr+ )| 2 x| de+ | x° - x| dx
= [0 (2% —x}edx = o (x° —xyda + [ (67 - x)dx

0 i 2
z[i_il _[ﬁ_i} {ﬁ_ﬁ}
4 2|, e 2|72

. 'fl_}_] (1_1\+”1_5_E) (l_lJ
L4 2, la 2z, L4 2/ 4 2

_E+@~a
1
R Ans.
15. Find the particular solution of the differential
equation
(1-4/) (1 +logx) dx+2vy dy =0, giventhaty=0when
x=1, 4]

Solution : The given differential equation is,
{1 =% (1 + log xy.dx + ey dy = 0

1+logx -2
(+logs) .. Yy
x " -9y
On integrating both side, we have
1+logx —2y
dr = |—Z—d
= e (1- f}
In first integral,
put l+logx = ¢
= de = 4t
%
A]su,insecundmtegral
put 1-y* =
= —2ydy = du
1
[tdt = I;du
fz
= Looglu] =«

16.

18

or %{1+logx)2-log| 1—y2 |=c
Itis given thaty =0 whenx =1

S0, %(1+lng1)2 ~log|1~0?%|=¢

= c =

-log|1- yll—

or (1 +logx}2~210g [1-4] =1
It is the required particular solution.

[

(1+ log x)

Ans.

Find the gen;.aral solution of the following
differential equation :
4
{1+g%)+(x—e® ”}%"ﬂ [41
Solution : The given differential equation is,
-1
1+ )+ (x - H)EL:J
1
. E_'_ 1 s o g™ Y
dy {1497 1+y°
. 'Ihisis a linear differential equation with
P = 1 5
1+y
stmﬁly
and Q= T
1+y
1
LE. = dx
eJ'1+y2 r__ghm“l
So, the required solution is
=]
g -1, B Y
xem’ly =Iehm ¥l =
1+y
Put tanly = ¢t
1
=y ———ifl ' =i}
1+y° 4
xetm_ly = J-ezf.dt.
== xgm_ly = %EM+C
o -1
= yolan by _ %ez__'fm ¥+ C
= X = ;m y_Ce™ =™ yAns.
>
Show that the vectors 2, b and .r,- are coplanar

- 17,

B T e - -

if a+b,b+cand ¢+ a'are coplanar. {41



18.

e T e
=[laxb+axc+bxb+bxclic+a}

- T
—{axb)c+(axb)a+(a>-:c).:+(ﬂxc)a

e T T

+{bx clhc+{bxc) 4

s

-(ax b} c+0 +0+0+0+(bxcha

e .
=[a b cl+[b ¢ al
—)—}—i

ﬁ[a b c]+[a ¢l

i

=2[a b r]

From equation (1)

- 3 = B e
=2[a b ¢] = [a+bh b+c c+g]=0
- =
= [« b c] =0
e i bl e St Sl e

. &,k and ¢ arecoplanarif a+ b, b+ and
—u b
¢+ 2 are coplanar. Hence Proved

Find the vector and cartesian equations of the line
through the point (1, 2,—-4) and perpendicularto
the two lines,

—3 Fad Ea s A Fa ~
r={8i-195+10k)+1L(31-16j+7k)

- A A A A oA A
and r =(15i+29 - 5k) + p(3i+8-5k)
Solution : The equations of the given lines are

= b A ) B n A .
r ={8i-19j+10k)}+ A3 {-16j+7k) - (i
—3 L Fal o N A £
r=(15i+29 j+5K)+ W31 +8j-5k) ... (i)
Normal paral].el to {1} is

n1-3:—16;+5’k

Normal parallel to (i} is
— A fa ~
I‘I2~‘=3 I'+B_f—5k_-
The required line is perpendicular to the given

_)
lines. So the normal n parallel to the required

—

—
line perpendicular to # and #3.

~ Fa LAl
i ] Kk
-+ = A A ~
n=mxn; =3 -16 7|=24i+36f+72k
3 B -5

Thus, the vector equation of the required line is
—r . Fa M Iy il L
Fe(i+2j—4k)+¥(24i4+36 j+72k)
= . .*: A n o A~
= pr=(i+2j-4k)+k(2i+3j+6k)
{where k=12y)
Also, the cartesian equation of the required line
is
=l oy=2 244
2 3 6

Ans.

19. Three persons A, B and C apply for a job of

Manager in a Private Company. Chances of their
selection (A, B and C) are in the ratio1: 2:4.
The probabilities that A, B and C can introduce
changes to improve profits of the company are
0.8, 0.5 and 0.3 respectively. If the change does
not take place, find the probability that it is due
to the appointment of C. [4]

Splution : Let E{, E; and E; be the events
denoting the selectionof A, Band Cas managers

respectively.
P(E;} = Probability of selection of A =

P(Ep) = Probakbility of selection of B =

|.|=. o N - R

P(Ea} = Probability of selection of C =
Let A be the event denoting the change ncut taking
place.
P(A/Eq) = Probability that A does not introduce
change =0.2
P(A/E;) = Probability that B does not introdtice
change = 0.5
P(A/E3)} = Probability that C does not introduce
change =07
.. Required probability = F(Ez/ A}
By Bayes’ theorem., we have
P(Es/A) =

P(Ea)P(A/Es)

P(E)P(A /E1)+P( EE)P[A1E2)+P(E3}P[A.’E3}

=x0.7
?x

1 09+ 2v05+ 207
7 7 7

19



o 2.8
0.2+1+2.8

:-—"'07 ]
1 Ans
OR

A and B throw a pair of dice alternately. A wins
the game if he gefs a total of 7 and B wins the
game if he gets a total of 10. If A starts the game,
then find the probability that B wins.

Solution ; Total of 7 on the dice can be obtained
in the following ways :

(1,8), (6 1} 2, 5), (5, 2), (3, £), (4, 3)

Probability of getting a total of 7 = %:%

Probability of not getting a total of 7 = 1- A

& &
Total of 10 on the dice can be obtained in the
following ways :
(4, 6), (6,4),(5,5)

Probability of getting a total of 10
- 321
35 12

"Probability of not getting a total of 10

Let Eand F be the two events, defined as follows -
E = Getting a total of 7 in a single throw of a dice
F = Getting a total of 10in a single throw of a dice
1, == oD
PE) = -, PE=2
Bz =Pil==
I o 1
P(F) = — PF=—
VR Tl T
A wins if he gets a total of 7 in 1%, 3 or 5t
throws,
Probability of A getiing a total of 7 in thelst throw
1

b
A will get the 3™ throw if he fails in the 1stthmw
and B fails in the 2™ throw.
Probability of A gethngatofalof?mﬂlesldfhruw

-P(E)P(F)P(EJ——x——x—
Similarly, probability of getting a tc:talof 7 in the
5" throw =P (E) P (F} P (E) P(E) P (B)
o BB 1

6126126

and so on

20

Probability of winning of A

1 [5 11 1] (5 11 5 11 '1]
S| X x| DX XX = +
6 L 12 & b 12 & 12 6

1
.
Dl
6 12
Probability of winning of B = 1 — Probability
of winning of A

12 5
= l-—==— .
7 17 Ans

SECTION —C

20. Letf:N— Nbea function defined as fix} =922 +
6x ~ 5. Show that f: N — S, where § is the range
off; is invertible, Find the inverse of fand hence
find f~! (43) and £~* (163), [6]
Solution ; Given,

f) = 9%+ 6x-5
Let x4, ¥z eNand f (x1) =f (x2)
= 912 + 611~ 5 = 9% + 612 - 5
= % -xD)+ 6l —x) = 0
= (r1-22) [9(x1 + 1) + 6] =

= . x1—=x3=10

as 911 +9x2+ 6 #0 [x1, x2 € NJ
= X = ¥z

f is one-one function.

Let = 9¢* +6x-5

= ¥ o= Bx+1P-1-5=3x+1)%-6
= Bx+1P = y+6

= Ir+1 = Jy+b

= X = }’Ha asxelN

= ¥+6-1 > 0

= ¥+6 > 1

= ¥y > -BandyeN

50, the function is invertible if the range of the
function f (x) is {1, 2, 3, ....}.

f N — S8is onto as codomain = Range
Hence f is invertible,
Therefere, the inverse of the function f{x} is

Lo de, x.
_ jiy +6~1

i = X

Now,



A3 +6-1
3

V163 +6 -1

3

=2

Il

= F43)

and  f7N163) -4 Ans.

|

yz-x* m-y' wy-2
71. Provethat [zx -y~ xy—z° yzmxz is visible
-2 yz-x zx-yt
by (x+y+2}and hence find the quotient. L&l
X eyt ay-ot
Solution: Let A= z:u:—jn,f2 xy — 2 yz-xz
-2 X -y

Applyhlg Ci=a =, Ca—Cy = Ca

u—xy—y2+22 Iy—=2
:y—yz—z:"-+-x2 yz—xz

yz—xz—zx+y2
e 2 2
=lex—xy—y* +2

v~z — +x? gi.rz—z:r-x-2 +y2 zx—y*

- +y+2) -yx+y+a) xy-7

Asjz-y)xty+z) (s-2)x+y+2)} Yz 2

Jfx—2fx+y+z) ly—-x)zx+y+3) z;rc-~],.r2

Taking (x + i + z) common from C; and 2 both

y-xr {z-¥) xy—2"°
ﬂ.:(x+y_+z]2{z~y} {x-2) yz—xz

(x-2) (y—%) zm-¥

Appl)ﬁng Ri—+R +Ry+Ra

0 0 :t"l,r+g,uz-i-z:cﬁ:cz~1;,r2—z2
A:[r+y+z]2{z—y} x-¥) yz—xg'
(x-2) (y-=) m-y’
Lxpanding along Ry, we get

A=ix+y+aP ((y +yz+ = 2=y —7)
' [z~ -2 - (x-2)]}
= A=(r+y+2P gy +yz +mm=-E— -2
B (1y+yz+zx—xp'—y2-22}}
A=y tafy ey -5 -y —F)
Hence ais divisible by (x +y +z] and lhequuhent
1s{x+:,r+z){xy+yz+zx L )

Hetice Proved.

21

OR
Using elementary transformations, find the
8 4 3
inverse of the matrix A = |2 1 1 |and useit
1 2 2

to solve the following system of linear equations ;
Sx+4y+32=19
ZX+y+z=735
¥+2y+2z2=7
= i
Solution: Here, A= |2 1 1
1 2

Using A = 14, we have’
g 4 3] [1 00

2 1 1| = (9¢ 1 0lA

1 2 2 0 0 1]
Applying R1 ©» Rg, We get

i 2 2 D0 1

21 1| =|0 1 A

L8 4 3 i 0 0

L

Applying Ry — Ry- 2Ry, Ry — Ry~ 8Ry, We gel

1t 2 2 0 a 11
0 3 3|={0 1 .24
0 12 13 1 0 -8

: R
Applying Ry -—):32‘, we get

1 2 2"
0 1 1| = |0 -
0 -12 -13 1

1 0 ©C
A I i Ny =

0
L
3
0
Applying By — Ry - ZRZ,W gel
2
3
1
3
0 -12 -13 P

Applying Ry —» Fa+ 1"J_‘_R;_, we get

% 4

1 0 ¢ 3 73
] 1=U_l ._Z.A

0 0 -1 - 33

0

O o 2




Applying Rg -» ~ Ra, we get

g 2 _1
1 0 0 3 3
8 1 1| =|g _% %A
g 0 1 BRI
Applying Rz — Rz — Ra, we get
O ek
10 0 12 ;
0 I g} = I - — A
0 ¢ 1 # 3
]
Thusg, we have B )
' 0 2 1
3 3
13 2
=l = 1 -= =
B 3 3
. ~] 4 0]
Lhe given system of equations is
8r +4y + 3z = 19
Lx+y+z="5
x+2y+22=?
This system of equations can be written as AX =B,
8 4 3 x 19
where A= |2 1 14X= ¥|land B=| &
1 2 2 Z L?
X=A"B
I’ i
Py B I
x 3 319
= y| = 1 _.IL?. z 5
z 2 3 7
- =4 4 0
U+E—zl
x 3 3 1
= ¥l = '].9—%5--%14 =2
| 1942040 1]

Lrx=ly=2andz= 1.
. Show that the altitude of the right circular cone

of maximum volume that can be inscribed in a
sphere of radius r is g Also find maximum

volume in terms of volume of the sphere,  [6]
Solution : A sphere of fixed radius (7} is given.
Let R and ! be the radiug and the height of the
cone respactively.

The volume (V) of the cone is given by,

1 e
= —nmR“h
¥ 3
Now., from the right triangle BCD, we have
BC = [,z _p2
h= :|"+‘J!‘2 —Rr?

V= %TR2r+ 'J'I:RZ ]53.2

ﬂr
SHlEE %ERF+E1‘|:R\|'Ir _R?

dR
(-2R)
3 3 2 _R?
2z 2 2 7 nR?
s R SRR s T
3 ' SIE ' Ayr? —~R2
2 2rR(r? -R?)— nR? '
= -aRr+
3 3vr2 g2
2 2nRs? - 37}
- “RRF+——_'
3 -R?
MNow, _d‘\."_ =
dR
L, 2wR _ 3RP-2aRr
3 3yr? —R?
= 292 -R% = 3?2
= 47 -RY) = ORZ-2:92
= - 47R* = 9RY+ 4t 12K
= GR*-8"R*'=0
= 9R* = B
2
= R? = 8%
2
MNowr, H
dR2
W’ ~R° (2nr? —9zR?) -
+(2R#* —32R) (- &) ,1__

3 9+ -R%)

22



ayre —RZ (Zm'z —erl:Rz)

(27Rr? — 3xR)(6R)-

VA ~§

91 —R2)

2
No, when R:= -Eﬁ Clearly a0
G AR?.
» The volume is maximum when

R%= i
g
Height of the cone

{2 82 J:z r 4r
=r+,r —-—— =+ —=¥+—-——
9 9 3 3

Hence, it can be seen that the altitude of a right
circular cone of maximum volume that can he

4
inscribed in a sphere of radius 7 is ?r

Let volume of the sphere be V; = %ﬁrs‘

e 3‘.’5_
Y 4n

1
.. Volume of cone, V= E::RQ_}:

= V=

D B (4
_ 81 27 [Emﬁ]
». Maximum volume of cone interms of sphere =
8 Volume of sphere
" 27
OR
Find the intervals in which f{x} = sin 3x —cos 3x, 0
<x < T, ig strictly increasing or stricily decreasing.
Solution : Consider the function
fix) = 5in 3x —cos 3x
= f'(x) = 3ros 3x + 33in Jx

Hence Proved.

= 3{sin3r + cas 3x)
i V5] shlﬁxcos(EJm:cosBxsin(E]l
4 1))
Tr\
= Sﬁ{sm[3x+—|}
4)
For the increasing interval £'(x) > 0.
BxEJ Sin[3x+£]}>[)
L 4

sin(3x+EJ>0

4

= 0< 31‘+§<1t

= 'j-*:.?m:ﬂ:H
4 4
-1 i

=% — X —
12 4

as0 < x < x I3 given

=>0<x<nfd
: T
Also, sm[3x+—|>{}
4)
) s
when, 2n<3rx+—<3x

Thetefore, intervals in which function is strictly

. - . X 7 11x
increasing is 0<x<—and —<x<—
4 12 12
Similarly, for the decreasing interval f(x) < 0
o
32 sm(3x+— |}<u
4,
sm(3x+f)<-n
4
T
= x<Ix+— <2
4
= 3—n<3x<zE
4 4
T 7T
= 4 12
Also, sin(Sx+E)<0
When 3u<3x+g<4m
11z 15%
g x e —
4 4
11n 15%
—— X ——
12. 12

ButOcx<mw so% <xX<’m

The function is stricily decreasing in E{x < z;
and ETE{J:{TE. A.II.E.
12 :
Using integration find the area of the region
(tr, ) : 22 + o < 2ax, y° 2 ax, x, y 2 01 [6]
Solution : We have, {(x, y) : 2 yﬂ = Pax, y1 2 ax,
x, y 20}

Consider % +y* = 2ax o)

23



¥ o= ax i)
¥ =0,y=0
Solving equation (i) and (ii), we get
2 ax = 2ax
= —agx = 0
= x{x-a) = 0
x=10a

'S0, points of intersections of (i) and (ii) are (0, 0)
and (g, + 7). Also, equation {i) can be written as,
(£—a¥ + (4 —0y*=2* whosc centre is at (4, 0) and
radius is of ‘&’ units.

Fa
A, yrag
x'¢ 03/(: % X
(I'—HF"'yz:lT!
O
'-ry'

Require area
i i
In dx - Iu yarix

j; Ji? —(xﬂ-n)z.dxhﬁj; Jxdx
= {%m +§sin“1 [F;—RJI

2 3f2
—E'J'E[x ]ﬂ

M

Ir

1

az. "'l: 2~ a5
[U+D]—{U+?[—Eﬂ—§da[a —0]

= (,_4_3]52 5. units Ans,

24. Find the coordinate of the point I' where the line

through A(3,- 4, - 5) and B {2, - 3, 1) crosses the
plane passing through three points L (2,2, 1), M
{3, 0, 1) and N (4, - 1, 0), Also, find the ratio in
which P divides the line segment AB. (5]
Solution : The equation of the planc passing
through three given points can be given by

X2 y—2 z-1

-3 y-0 z-1

x—4 y+1 z-0

=0

L

Perfurming elementary row operations
Rz =+ K1 —Ryand R; - R) - Rs, we get

x—2 y-2 z-1
3—-2 0-2 0 [=0
-2 -1-2 -1

Solving the above determinant, we get
X-2-0-Ww-DE1-0+E-D3+H=0
ag Ri—4)+{y—-2) + (z-1)=0
= 2r+y +z-7=0
Therefore, the equation of the plane is
2r+y+z-7=0

Now, the equation of the line passing through two
given poinks is
: =3 _ },a'+4_z+5__,JL

2-3 —3+4 1+5
e E = ﬁ=ﬁ.=p‘.
-1 1 6
= X o= (A+3),y=(A-4),z

= (6% —5)
At the point of intersection, these points satisfy
the equation of the plane 2x +y + 2—7 =0
Putting the values of ¥, ¥ and z in the equation of
the planc, we get the value of &
2R+ 3N+ -+ (FR-T -7 =0
= -Zh+h6+h-4+64-5-7=0
= o =10
= =2
Thus, the point of intersection is P (1, - 2, 7).
Now, let P divide the line AB in the ratiom : 1.
By the section formula, we have

12 2mi+ 30
mMtn
= m+n =0
— o= =
L -2
— - = —
f 1

Hence, P divides externally the line segment AB

intheratio2:1.

Ans.

. An urn ¢ontains 3 white and 6 red balls, Four

balls are drawn one by one with replacement
from the urn. Find the probability distribution
af the number of red balls drawn. Also find mean

" and variance of the distribution, 6]

Solution : Let X dencte the total number of red
balls when four Balls are drawn one by one with

replacement.



P{getﬂngaredballinanedmw}=%=§
P(gettﬁlgawhitebaﬂmulmdiaw}:%
0o’ 1 2 3 4
18 20TV e ANV I o Y g 17D
ro9 (5] 5(5) “<(3) (5) <) 5} =[5
N A 2 Al 16
81 81 81 Bl 81
Using the formula for mean, we have
X =EPX;
Mean
= 1 8 24 2 16
= ox— |41 = |+20 == |+3] 2= 4] =
&) (”31] [81] (81} [s1)+ [_31]
= %{8+$8+96+64}
L 26
81
B
"3

Using the formula for variance, we have
Var (X} = IPX7 - (ZPX,)°

= Var 00 = {[o x%}+1[%)+4[;—ﬂ+ 9(8_3?)

] 5 8\2
81 3_;

648 84

8 9
8

9
B
Henee, the mean of the distibution is 5 and the
varance of the disribution is g Ans.

. A manufacturer produces two producis Aand B.
Both the products are processed on two different
machines. The available capacity of first machine
is 12 hours and that of second machine1s % hours
perday. Each unit of product A requires 3 hours
on both machines and each unit of product B
requires 2 hours on first machine and 1 hour
on second machine, Each unit of product A is

sold at ¥ 7 profit and B at a profit of ¥ 4. Find the
production lavel per day for maximum profit
graphically. [6]

Solution : Let the numbers of units of products
A and B0 be praduced be x and y, respectively.

Product Machine
1) 10 (k)
A 3 3
B 2 1

Taial profit: Z = 7x + 4y
We have to maximize Z =7x + 4y.

Subject to ronstraints ;
3x+2y < 12
Bx+y £ 9
= x 2 OQandyz0

The given information can be graphically
cxpressed as follows :
e

!
i izl
e Lo 1. F

e Rl

T
o

o

T T

SR

1
o

i

1T t
i o

o=
| 1

Wil =
=i

Values of Z = 7x + 4y at the corner points are §
follows :

“Corner Peints Z=71+4y
5{0,6) 24
R (2,3} 26 ¢ Maximum
P (3.0) 21

Therefore, the manufaciurer has 10 prcd.uce 2

units of product A and 3 unifs of product B for
the maximum profit of T 26. Ans.

All quastions ave same in Outside Delhi Set IT

and Set IIT
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